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Structure factor scaling in aggregating systems
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We study the structure factor of evolving two-phase systems such as aggregating colloids and spinodally
decomposing fluids. We interpret the total structure factor as described well by the product of cluster-cluster
and single-cluster structure factors, each with their own characteristic length, the mean cluster nearest-neighbor
separation, and the cluster size, respectively. Both length scales are thus relevant to the total structure factor.
For systems with moderate to strong cluster-cluster correlations, this product causes an apparent peak in the
structure factor. For compact clusters, i.e., clusters with a fractal dimension equal to the spatial dimension, this
peak obeys the experimentally observed scaling law. However, for fractal clusters the two length scales evolve
differently, hence scaling cannot occur. Despite this, our simulations show an apparent scaling when the
system is dense enough so that the two length scales are comparable in magnitude. When this occurs, each
length scale eliminates the individual effect of the other from the total structure factor leaving a peak. These
results explain both the lack of scaling early and the scaling observed latter in experiments on aggregating
colloids. An important conclusion is that the position of this pgakdoes not represent a true length scale of
the system[S1063-651X98)08501-§

PACS numbgs): 82.70.Dd, 64.75tg, 05.40+j, 78.35+cC

[. INTRODUCTION however, two length scales in the system: the cluster nearest-
neighbor separation and the cluster §&d 2,15; if the frac-
Recently, a number of studies have appeared that meaal dimension of the cluster is not equal to the space dimen-
sured the wave-vector-dependent scattered light intensitgion, these two lengths are not linearly proportional. Thus
I(q,t) from dense aggregating colloidd—5] undergoing other questions arise regarding how one length scale implied
diffusion-limited cluster aggregatio®DLCA). 1(q,t) was by g, arises out of a two-length-scale system and how to
found to exhibit a maximum at a positiony,, which in-  account for the dynamic scaling of Ed4), which is incom-
creased in intensity whilg,, decreased with time. For late patible with two length scales.
stages of aggregation near the gel point, the scattered inten- |, this paper we address these questions and establish a
sity was found to scale according to general explanation of Eqél). We show that the total struc-
1(q,t) ~ g “F(X) (1a) ture factor observed in _experiment is a combination of two
' m ’ structure factors: the single-cluster structure factor, which
FO)~xB, x>1 (1b) involves th_e clyster sizBy, and the cluster—clu.ster strupture
factor, which involves the mean nearest-neighbor distance
Run - For compact clusters, i.eD=d, Ry andRyy are pro-
portional, so there is only one independent length scale,

For colloids of noncompact, fractal aggregaies 8=D, hence scaling is achieved at all times. For fractal clusters,
the mass fractal dimension of the aggregate. Remarkablfp <d, SORy andRyy are independent, hence scaling should
Egs. (1) are identical in form to the structure factors mea-not occur. In fact, experimen{d,4] on aggregating colloids
sured for fluids undergoing spinodal decomposition excepshow that when the system is not dense, i.e., wiRgn
that in this casex=d and B=d+1, whered is the spatial <Ryy, scaling does not occur. Remarkably, however, ex-
dimension[6—8]. Similar structure factors have also beenperiment, previous simulations, and our simulations to be
observed for other nonequilibrium systeni9,10]. The described below show scaling in dense systems wRgn
source of the universality of Eqél) has been speculated to <Ry despiteD <d. We show that this scaling occurs when
lie in some feature of the growth kinetics common to allthe slope changes in the two structure factors ngaﬁrand
these systems, but no such mechanism has yet been fourR; overlap in a manner that eliminates their individual ef-
The question remains in what manner all these phenomerfacts in the total structure factor and leaves a peak. Thus an
are related. important conclusion of our work is that the peak in the total
For aggregating colloids the general interpretation of Egsstructure factor at),, doesnot indicate a fundamental length
(1) is that the peak implies a special length S(ﬂ,r,?l, in-  scale of the system because it is an artifact of this unusual
duced by the aggregation kinetics, which in some manneoverlap. We also describe how the visibility of the peak is
brings order to the systefi2,11-14. Physical identification related to the cluster-cluster correlation. Our general conclu-
of g,,* has been ambiguous with attempts having been madsion is that the features common to all these experiments,
to correlate it to the cluster mean nearest-neighbor separatiagtense aggregating colloids, spinodally decomposing fluids,
Rnn . depletion zones surrounding the growing clusters, oetc., are simply conservation of mass and light scatteidng
shoulders in the real-space correlation function. There ardhe scattering of waves in generalvhich probes the system

X=0/0- (10
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the curves occurs when the characteristic length scale of the
scatteringq~! becomes comparable to the characteristic
length scale of the aggregating system, which when very
dilute is the cluster siz®;. If we define the bend in the
curve to be atj,=R;*, then Eqs(2)—(4) yield

1(a) =NpoTet%, *'F(alap). (5)

Equation(5) has the same form as Ed), i.e., it scales in the
same manner. This scaling is a simple result(iof mass
conservation,(ii) the single-valued nature of the single-
cluster structure factor dependenceqi,, and(iii) the fact
that there is only one length scale accessible tathenge of
the experimentR,. Moreover, it occurs regardless of the
logq kinetics of aggregation. Thus, whereas the remarkable dis-
covery was that dense aggregating systems exhibit scaling,
FIG. 1. Sketch of the scattered intensity as a function of wave/® S€€ that a very dilute aggregating system scales in accord
vectorq for a dilute aggregating system at various times. The inseWVith Egs.(1) as well. . _ _
shows single curve scaling of these intensities wiggris the value The structure factor for the very dilute system in E2).is
of q at the bend ir5(q) andD is the cluster fractal dimension. inadequate for dense systems because it neglects intercluster,
or cluster-cluster, effects. As we will soon see, these cluster-
with a characteristic lengtg 1. Beyond this, the nature of cluster effects introduce two more length scales that can be
the kinetics is ancillary, serving to affect the visibility of the relevant to scattering data analysis.
features in the structure factor, e.g., the peak, but not directly
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responsible for them. B. General situation
To understand the most general scattering situation con-
Il. THEORETICAL DISCUSSION sider the total structure factor for a systemNyf, monomer
A. Heuristic example particles given by

For heuristic purposes we first consider the simple case of Nm Nm
a very dilute aggregating system. This will allow us to dem- Stot(q)=2 2 eld-(ri=rp, (6)
onstrate the importance of mass conservation and the scatter- o
ing characteristic length scalg ! and to deemphasize the In Eq. (6) F, is the position of théth monomer. Equatiot6)
importance of the kinetics for scaling of the scattered lighte, 1. if \;ve writeF; as the sum of the positions of the
intensity. For a monodisperse system of clusters, the SCafanters of mass of tlheth clusterf,  , and the position of

tered intensity is given bj17,18 the kth monomer in the cluster relative to this center of mass
lsd(@)=Ncogeat Ssd ARy), 2 A

whereN¢ is the number of clusters of radius of gyratiRy fi=Femat - (7)

with N monomers per cluster each with a scattering cross

section of ol The single-cluster structure factor Then Eq.(6) becomes

SsdgRy) is strictly a function of the dimensionless product Ne Ne N N o
qRy, the characteristic length of the cluster beiRg. For So=2 2 O >, eld (femafampt o a), (8)
our purposes here its exact form is not important, but its a b kI

limiting behavior is . .
9 If the clusters are monodisperse, i.e., all have the skme

N2 qRy<1 (33 the factorization occurs

N?(qRy)°, gRy>1. (3b) Ne No NN
Rg Rg Stotzé Eb eid'(rc.m.affc.m.,b)Zk EI eiCI'(tSk*zﬂ), (9)

For afractaIN=k0(Rg/a)D, wherea is the monomer radius which we rewrite as

andk, is a constant near unify19]. Mass conservation dur-

ing aggregation implies a constant number of monorhgrs Stot= Scc( ) Ssd( ) - (10
in the complete system given by

SsdaRy) =

Equations(9) and (10) define the cluster-clustegiCC) and
N;,=NcN. (4) single-cluster(SO) structure factors. For polydisperse clus-
ters Eq.(10) is inexact, but, as we will see by simulation
Figure 1 is a sketch of the scattered intensity at varioudbelow, it is a good approximation. Usually, for instance, our
stages of aggregation for a very dilute system. At tpihere  simple example above, the length scale involved in the
is ag-independent Rayleigh regime. At highgr a bend in  cluster-cluster structure factor is too large to be observable in
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FIG. 2. Cluster-cluster structure fact8g(q). N¢ is the num-
ber of clusters in the scattering volume, L is the size of the scatter- £ 3. Sketch of the structure factors as a function of wave

i_ng vqume,_RNN is the mean clus_ter-cluster c_ent_er-o_f-mass Separayecior for a dilute system of aggregateSio(q)=Sca(q)Ss(d)-
tlon., .an(.:id is the spatial dimension. Thg sqlld line is for random T4 length scales are as followls; scattering volume size®yy,
p_osmonlng of the clusters, the dashed _Ilne_ is for moderate Corr_elat':luster-cluster mean nearest-neighbor separation; Ryidcluster
tion between clusters, and the dotted line is for strong correlationg;,e The quantities are as follows;, total number of monomers
between clusters. in the scattering volumeNc, number of clustersN, number of
monomers per cluster wheM,,=N¢N; d, spatial dimension; and
a scattering experiment, heng(q) is a constant equal to D, fractal dimension. Dotted lines represent the evolution of points
Nc as in Eq.(2). However, for dense systems, either colloidsA andB asN increases during aggregation.
or spinodally decomposing fluids, the length scale inherentin _
Sce() falls into the experimental range, which might lead toWhich leads to the total structure factor. The upper curve is
variation withq, which must be accounted for. the single-cluster structure factor as discussed in Fig. 1. The
Figure 2 shows the general behavior 8f(q). Two single characteristic length is the cluster size, which we take
length scales are relevant: the overall system size, i.e., thes the cluster radius of gyratioRy. For q>R;*, if the
size of the scattering volumé, and the mean nearest- cluster is a mass fractal, the slope on this log-log plet [3;
neighbor cluster separatidRyy. At very low q such that if the cluster is compact, it will have a well-defined surface
gq<L™?, the clusters scatter coherently; since thereNge hence Porod scattering will occur with a slope of(d
C|usters,soc(q):N(2:_ For Lflsq< R'Q'ill- the Porod regime +1). In either case f0q< R;l the constant Raylelgh re-
of the scattering volumeis obtained whereSco(q)  dime is obtained witiSs(q)=N? due to coherent addition
~q~ @, Jumping ahead tq> Rﬁﬁi Scc(9)=N¢, a con- of the N waves scattered from tiié¢ monomers in the clus-
stant due to the incoherent addition\é§ waves. This is the ter. The second curve in Fig. 3 &(q) for a moderately
regime usually encountered in nondense systems. The rétructured system of clustefse., the dashed line of Fig)2
gime nearq~R,Q,\l, requires special attention. For a highly The bottom curve in Fig. 3 shows the product of the upper
structured system of clusters in whigtyy is well defined, ~ WO CUIVes, i.e.So=SccSsc. For @ moderately structured
i.e., it has a narrow distribution, a damped oscillation occurs$ySteém of clusters a broad peakSp(q) occurs. This is the
in Scc(g) with minima atwR,],ﬁ,(%ngﬁ,..., andmaxima at peak seen in dense aggregating and spinodally decomposing

= - L ; P systems, which we now describe in detail.
2Ry, 47Ry. This is depicted by the dotted line in Fig. 2. : \ o
An example of analogous behavior is the behavior of the Consider the evolution db,,(q) with time. As the system

single-cluster structure factor for clusters of touching mono_aggregates, the number of monomers per aggreljabe-

mers of radiusa (hence a well-defined monomer distajjce C'€aSes- The characteristic length scales are relatisidop

which shows oscillatory behavior with half perieda [20]. R ~NP (119
As the cluster system becomes less structured, i.e., as the 9 ’
distribution inRyy broadens, the oscillatory behavior washes Ryn~L(N/N,,) Y. (11b)

out. We will see in our simulations below that for a dense

DLCA system that is moderately structured what remains ofor a given experimerit andN, are constant. A colloidal

the oscillation is a dip below a shoulder nearR§, which  system with either DLCA or RLCAreaction-limited cluster

is near the middle ofrRy and 27Ry+. This behavior is aggregatiopkinetics yields fractal clusters with <d. Thus

depicted in Fig. 2 by the dashed line. For unstructured systhe two length scaleR; and Ryy will have differentN de-

tems of clusters the dip washes out completely, as depicteggendences, hence different time dependencesNrtepen-

by the solid line. dences are shown as dashed lines in Fig. 3. Two different
Figure 3 graphically demonstrates the product in @Q), length scales implies that the system cannot scale. This ex-
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N2 L 0 o less, will pointsA andB be reso}vable and _scaling not occur
—(d+1) for fractal clusters. However, it is conceivable, and below
Ssc(q) with simulations we will show, that when poirdsandB are
N2 T nearly the same, i.e., when Rgi=R;*, the two length
(a+1) scales arenot clearl_y visible in the total structure factor
S (q) Then the system mllght appear to have only one length scale
ce and an artificial scaling might occur. Moreover, note that one
Ne of the extremes in which the length scales are obviously
N2 T discernible, 4.52,],\1,>R§1, cannot occur because gelation
—(d+1) would stop the aggregation before this regime could be ob-
S (q) tained. A rough estimate of when gelation occurs is when the
B A clusters would touch, which is wherRg=Ryy .
NN -D or In summary, it appears that as a colloidal system aggre-
—(d+1) gates it can evolve from a nondense region in which both
length scales are visible in the total structure factor, thus

|: / \ - scaling does not occur, to a dense regime, limited by gela-

tion, in which the signatures of the two lengths scales inter-
fere and hence scaling might occur. In the next section our
_ simulations will substantiate these claims.
Ry  ~4. 5R

4
Ill. SIMULATION RESULTS

FIG. 4. Sketch of the structure factors as a function of wave We simulated DLCA aggregation on a two-dimensional
vector for a dense system of aggregates. The length scales are sguare lattice. The lattice size was=1000 with periodic
follows: L, scattering volume sizeRyy, cluster-cluster mean boundary conditions and the monomers had a radiua of
nearest-neighbor separation; &g, cluster size. The quantities are =1, Initially the monomers are randomly distributed. At an
as follows:Np,, total number of monomers in the scattering vol- intermediate time, a cluster is picked at random and moved
ume;Nc, number of clustersN, number of monomers per cluster i g random direction with a move probability NP f
whereN,=NcN; d, spatial dimension; anB, fractal dimension.  any monomer in this cluster comes into contact with a mono-

mer in another cluster, the two clusters aggregate and form a
plains why scaling is not seen in the early stages of colloidarger cluster.N versus Ry for our clusters yieldedD
aggregation because the length scales differ enough so thatl.45. Runs were made Wlth 4010%, and 5<10* mono-
both areclearly visible in the total structure factor mers on the lattice, which correspond to densities 0f>10

If compact clusters are formed, as they are during spini0~2, and 5< 102, respectively. For each density the scat-
odal decomposition, thed =d andRy=Ryy;, i.e., they have tered intensity was an average over eighteen runs. NRgan
the same dependence on time. This implies only one indeand Ry were calculated. Intensities were calculated for the
pendent length scale, hence scaling can occur. By Fig 3, thetal, single-cluster, and cluster-cluster scattering using Eq.
dm, value for the broad peak is proportional to bcﬁt@ and  (6) for Si,(g) and Eqgs(9) and(10) for Scc(q) andSs{q).

Ryn. Which are both proportional taN~*; thus g, Our simulations shovRyy andR, do, as expected, grow
~N~d The magnitude of the peak N,,. It follows that  at different rates during colloid aggregati€fig. 5 such that
NN,~0n9, thusq, %l (a/q.) scales the structure factor. Fi- Ryv~Ry’’. This occurs because the dimensionality of the
nally, note that if the clusters are compact, the smgle cluste¢mbeddlng space is greater than the dimensionality of the
structure factor will show Porod scattering fgr-R; *, cluster, so that as the clusters aggregate, tiedative sepa-
Ss(q)~q @Y. Thus Egs.(1) are obtained and th|s ex- rat|on becomes smaller. According to Eq&ll) Ryy
plains the behavior of structure factor measurements on spin=Rg' ¢ . For our d=2 simulation we findD=1.45; thus
odally decomposing systems. D, /d=0.72 to explain the result in Fig. 5.

Next consider what happens in a dense system, where Figures 3 and §the latter is a verification of Eq$11)]
“dense” will be used to implyRyy<4.5R,. We pick this ~can be combined to describe the evolution of the light scat-
definition because it is in this regime that thedependent tered intensity during colloid aggregation In very dilute sys-
parts of the cluster-cluster and single-cluster structure facto€ms, Ryy is too large, hence 4Ry is too small, so that
overlap. Such a situation is drawn in Fig. 4. Note that pointonly the single-cluster scattering is se@fig. 1). In denser
A and B of Fig. 3 are now reordered in Fig. 4, i.egy  Systems, however, AR;],& might be accessible to the experi-
=4.5R,Q,\1‘> Og= R;l rather tham,<qg . This leaves a peak mentalq range; thusboth length scalefRyy and Ry will be
in the total structure factor. In the simplified drawing of Fig. present inSy,. This is illustrated in Fig. 6, which contains
4 both length scales are still presentdg(q). Thus the con- the result of ad=2 DLCA simulation with a monomer den-
clusions above follow for the same reasons: no scaling fosity of 10~ 3. It displays the single-cluster behavior plus a
noncompact fractal clusters and scaling for compact clustersnodest dip fog=<4.5Ry until the Porod regime of the scat-
Figure 4, however, is too simple because the bendg and  tering volume at yet smalleg. [Oscillations in this Porod
gg are system dependent and gradual. If gradual, only wheregime in both Figs. 6 and 7 are due to the sharp edge of the
4.5Ryy is significantly different frorng_l, either greater or scattering volume. Note, however, that the envelope of this
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FIG. 5. Comparison of the mean cluster radius of gyratgn FIG. 7. Structure factor for a two-dimensional aggregating sys-
and mean cluster nearest-neighbor distaRggQ time evolutions.  tem of 50 000 monomers on 108A000 square lattice. Compared
This is a composite plot of three different aggregation runs withto Fig. 6, the dip in the rangBys—4.5Ry, is greater and no flat
different numbers of monomers as specified, which have been reRayleigh regime is seen. Also shown are the single-clustelid
caled so that the data are collinear. line) and cluster-cluster structure fact@otted ling. These curves
show how the length scales that parametrize these two structure
factorsRy and Ry, respectively, are no longer observable in the
scribed above, becaus®y is significantly greater thaR,, total structure factor. The apparent pealqatis therefore an arti-
both length scales are relevant $g;; since they have dif- fact, but very useful since, as the inset shows, scaling in accord with
ferent time dependence$§,, should not be scalable to a Eq.(1) is achieved using the artificiaj,,.
single length scale. The inset in Fig. 6 shows an attempt to
do so whergy,, was chosen to be in the middle of the Ray- >R§1 will eventually overlap, leaving a sharper peak as
leigh regime between 4%y and R;*. Scaling is not drawn in Fig. 4. Such a situation is demonstrated in Fig. 7,
achieved. This explains and demonstrates the lack of scalinghich contains the results ofds=2 DLCA simulation with a
observed in experimental systems during the early stages @fionomer density of 0.05. Note that all three structure factors
aggregation. have been calculated and are represented in Fig. 7. There it

As the system continues to evolMg,y— Ry and the dip  can be seen that Eq10) is verified to sufficient accuracy.
that begins near 411%\1l and the power-law regime when  Furthermore, Fig. 4 is verified in that the two shoulders in

Scc(g) and Ssq) representing the two length scalBgy

oscillation has the Porod law slope(d+1)=—3.] As de-

107

o o b o

T
t=1000

t= 10000
t=100000

t= 700000

Kq) q Pf

&

<

o

° °

Q o
o @
0O

o,

oo
G20 0 0
0o 1

i

\ o0
Y Ea e

FIG. 6. Structure factor for a two-dimensional aggregating sys-

101

and Ry are not observable i$,(q), which instead is left
with a rounded peak. As with previous simulation work and
in accord with experiment, the peak in the total structure
factor grows in magnitude and its positiog,,, decreases
with time. It can also be scaled in accord with E¢b, as
shown in the inset in Fig. 7. However, as forecast at the end
of Sec. Il, this peak is artificial in the sense that its position
%1 does not represent a true length scale of the system. The
true length scales arByy and Ry and their effects, while
clearly evident inSc(q) and Sg(q), respectively, are un-
discernible inS,,(q) because each interferes with the other.
Moreover, we find, quite remarkably, that despite this “wipe
out” of the length scales, the resultant peak in the total in-
tensity matches very well withrRyy for all times in our
aggregation simulation. However, by the logic above, this
occurs by coincidence and is due to the manner in wBjgh
intersects withSgc.

tem of 1000 monomers on a 100Q000 square lattice at various

1

times. Units ofg area™ ", wherea is the lattice spacing. The large
feature atg=10"2 is the finite size of system. With increasing
the feature falls off agy~% and then follows a modest dip at
=7/Ry, a flat Rayleigh regime, a rounding@#=R_ %, and finally ~ structure factor maximum, in dense aggregating colloids,

a power-law falloff with slope—D. Solid lines are the single- spinodally decomposing fluids or other nonequilibrium sys-
cluster scattered intensity. The inset shows an unsuccessful atterri@ms that have structure factors described by Ebsis not

to scale these curves in accord with Ed). directly related to a fundamental length scale of the system.

IV. DISCUSSION

An important result of this work is that the position of the
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That is,q,,* is not a characteristic length of the system. Thustion due to an “infinite” system size. This is an error. As the
it is dangerous to us€,, to infer kinetic information. In  System grows to infinity at constant density, i.e.,Las «,
some cases, for instance, in our simulations above where w8enNy,— o as well. Thus the overall effect djq(q) in Fig.
found g, = WRQNl to be a good approximation, it may work 4 woulq be a relat|v§ narrowing of th_e system peak, but the
quite well because of a fortuitous proportionality to one ofendfl’f its Porod regime would remain neaot exactly at
the two true characteristic lengths of the system, but no sucffRnn- In fact, the literature contains examples of real data
connection is guaranteed. that show the tail of the scattering volume Porod regime
Our results also give insight to the concept of kinetically[21]'
induced ordering. Contrary to previous speculations, the ki-
netics of these various systems dasst produce a new
length scale as implied by the growth of the peak in the total The total structure factor of a dense aggregating system
structure factor. In any two-phase system there will be twocan be described as a combination of cluster-cluster and
length scales: the size of the entities of one of the phases arsingle-cluster parts, each with their own length scale. If the
their mean separation. For colloids and later-stage spinodali§lusters are compact, these two length scales are proportional
decomposing systems in which droplets have formed thesand scaling in accord with experimental observatj&is.
lengths areR, andRyy. The kinetics, however, can deter- (1)] occurs as a consequence of mass conservation and the
mine the order in these two lengths and thereby determingles of wave scattering. The kinetics of the cluster growth is
the visibility of the peakiactually the dipin the total struc- not a factor in the scaling. If the clusters are not compact but
ture factor. For example, in a dilute colloidal system thefractal, these two length scales evolve differently, he_nce the
initial distribution of Ryy is very broad, but the aggregation §tructure factor cannot be scaled. The apparent scaling peak
kinetics causeR, to grow faster tharRyy so that the ensu- in dense systems of noncompact cluster_s is due to the over-
ing crowding of clusters narrows thyy distribution. This lap of effects of these two length scales in the total structure

narrowing is ordering and as sketched in Figs. 2—4 create@ctOr In such a way as to eliminate their indiviQuaI effe.cts
dips and peaks in the structure factor. The weaker, or lack oﬁnq leave a peak._ .It must be stressed that this peak is an
peaks for RLCA versus DLCA is due to the greater polydis-"’lrt!fa_Ct and its position}r, does not represent a true charac-
persity, i.e., a broadR, distribution, in a RLCA colloid, f[enstlc Iengt_h s_cale of _the system. The visibility of_the peak
which in the dense, crgwded system would causes a broad creases with increasing clus.ter-.cluster order, which can be
Ry distribution, hence less distinct structure factor dips and fected by the aggregation kinetics.
peaks. The kinetics may also create depletion zones around
the clusters as many have proposed; these will enhance the
visibility of the peak, but they do not imply a new length  This work was supported by NSF Grant Nos.
scale. CTS9408153 and CTS9709764. We thank Amit Chakrabarti
Finally, we remark that very often overlooked is pe:0  for valuable discussions and a critical reading of the manu-
behavior, which is either neglected or taken to bé&fanc-  script.

V. CONCLUSION
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